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Abstract

Forecasts are useless whenever the forecast error variance fails to be smaller than the
unconditional variance of the target variable. This paper proposes tests for the null
hypothesis that model based forecasts becomes uninformative beyond some limiting
forecast horizon h*. Following Diebold and Mariano (DM, 1995) we propose a test
based on the comparison of the mean-squared error of the model forecast and the
sample variance. We show that the resulting test does not possess a normal limiting
distribution and suggest two simple modifications of the DM-type test with different
limiting null distributions. Furthermore, a forecast encompassing test is developed
that tends to better control the size of the test. In our empirical analysis, we apply
our tests to macroeconomic forecasts from the survey of Consensus Economics. Our
results suggest that forecasts of macroeconomic key variables are barely informative
beyond 2-6 quarters ahead.
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1 Introduction

The choice of the largest forecast horizon appears to be an important issue for decision-
makers. For example, in recent years, several central banks, including the Federal Reserve
and the European Central Bank, decided to increase the horizon of their macroeconomic
forecasts.! Yet, it is unclear whether the additional forecasts for these larger horizons
provide valuable information, since their forecast error variance might be as large as
the unconditional variance of the target variable. While statistical tools for such an
assessment, based on the approach of Parzen (1981), have been proposed in the literature,
formal statistical tests have not been available. The purpose of this paper is to develop
such tests, thereby determining the largest informative forecast horizon.

The empirical literature reports few and differing results concerning the largest infor-
mative forecast horizon. The differences are at least partly due to different transforma-
tions, as pointed out by Galbraith and Tkacz (2007). For example, concerning quarterly
GDP, they find that forecasts of quarter-on-quarter growth are barely informative beyond
a forecast horizon of one quarter, but that for year-on-year forecasts this horizon increases
to about 4 quarters. Concerning annual GDP growth, Isiklar and Lahiri (2007) find that
forecasts are informative for horizons up to 6 quarters. Diebold and Kilian (2001) report
even larger horizons for HP-filtered or linearly detrended GDP.

The tests provided in this paper are directly related to the predictability measures used
in the studies mentioned. Diebold and Kilian (2001) develop a measure for predictability
by comparing the loss function (say mean-squared error) of the short-run and long-run
forecasts. Since our focus is on forecasting stationary time series subject to a quadratic
loss function, i.e. on conditional mean forecasts, our benchmark is the unconditional mean
of the time series, as proposed in Nelson (1976), Parzen (1981) and Clements and Hendry
(1998).2 We also discuss, however, how our approach can be applied to nonstationary
time series.

The predictability measure suggested by Nelson (1976) and others is asymptotically
equivalent to the R? from a regression of the realized values on their h step ahead forecasts
and a constant. Accordingly, the null hypothesis of no predictive power is equivalent to the
null hypothesis that the forecasts are not correlated with the actual values. Indeed, this is
the null hypothesis underlying the encompassing version of our predictability test. In con-
trast, our Diebold-Mariano (1995) type test statistic directly compares the loss associated
with the model-based forecast and the unconditional mean, where the unconditional mean
is estimated by the mean of the evaluation sample. Therefore, the only data required for
both tests are the forecasts and the actual values within the evaluation sample. This

setup makes the tests applicable to forecasts from unknown models like survey forecasts.

!See Kniippel (forthcoming) for a survey.
2Diebold and Kilian (2001) attribute this predictability measure to Granger and Newbold (1986).



This feature of the tests is important because such forecasts are often considered to be
more accurate than other common forecasting approaches, as documented for inflation
survey forecasts by Ang, Bekaert, and Wei (2007).

It is important to notice that, in general, the model-based forecast function nests
a constant as a special case. Accordingly, comparing the model-based forecast and the
unconditional mean should be treated as a nested forecast comparison in the spirit of Clark
and McCracken (2001) and West (1996). It is therefore not surprising that the Diebold-
Mariano type statistic has a nonstandard limiting distribution. To sidestep this difficulty
we suggest a simple modification of the test statistic that results in an asymptotically x?
distributed random variable provided the null hypothesis is true. On the other hand, our
encompassing variant of the test is equivalent to the (HAC) ¢-statistic from a regression of
the actual values on the forecasts and a constant. We provide conditions for the standard
limiting null distribution which provide a reasonable approximation in empirical practice.

The rest of this paper is organized as follows. In Section 2 we introduce our testing
framework and alternative concepts of predictability are discussed in Section 3. The
Diebold-Mariano type test and the encompassing test are analyzed in Sections 4 and 5.
Section 6 investigates the small sample properties by means of Monte Carlo experiments
and in Section 7 the proposed tests are applied to forecast of key macroeconomic variables

as reported by Consensus Economics. Section 8 concludes.

2 Model framework

Let {y14n, - - -, Yntn} denote the set of n observed actual values corresponding to the model
forecasts Yy ine, t = 1,...,n, based on the relevant information set Z; associated with time
period t. We assume that y; is generated by a stationary and ergodic stochastic process
{Y;} and the model forecasts are realizations of the forecast generating process Kih|t},
where 0 is the parameter vector of the forecasting model. As a simple example, assume
that the target variable is generated by the univariate AR(1) process Y; = aY, 1 + u;

with |a| < 1. In this exainple Yt‘ih‘t

= oMY, with # = . The actual forecast realization
is denoted by Yipnp = yf_’;hu = aly;, where @\t = @, denotes some consistent estimate
of 0 based on the observations up to period ¢. Following West (1996) we distinguish
two different estimation schemes. The recursive scheme fixes the starting point of the
estimation sample at t = —T + 1 and adapts an increasing end point such that Sr; =
{-T+1,-T+2,...,t} and, hence, @ indicates an estimate based on ¢ + 1" observations.
The rolling-window estimation scheme fixes the size of the estimation samples to T" time
periods, that is, Syp = {t =T+ 1,t =T +2,...,t}. It is important to note that we do not
assume that the parameter estimates of the model and the sample size T" are known. For

our analysis we only need to observe the actual values {yni1,. ., Ynsn} and their h-step



ahead forecasts {Yi1n, .-, Untnt
The assumptions that characterize the process {Y;} are summarized in

Assumption 1 Let Y; = p+ vy with uy = ¢(L)ey, ¢(L) =1+ ¢1L + ¢oL? + -+ - is a lag
polynomial with all roots outside the unit circle, Y .o, |¢;] < 0o and & is an i.i.d. white

noise process with E(g;) = 0 and E(e2?) = 2. Furthermore E|e|**? < oo for some ¢ > 0.

In the next section it is argued that if Y; is integrated of order one (that is AY; is
stationary) the tests need to be applied to the differenced series AY; = Y; — Y, ;. The
assumptions of a linear process and constant variances are not essential and may be
relaxed at the cost of a more demanding asymptotic framework. We are interested in
testing the null hypothesis that the forecast function Y;ih‘ , is not informative for Y;;, in
the sense that
Hy : E(€?+h|t) > E(Yin — ﬂ)2 (1)
where ey = Yign — Ytih“ is the “theoretical” forecast error. Note that we can only
observe the actual forecast error €. ypjt = Yern — Yesne- We define the mazimum forecast
horizon h* as h* = h — 1, where h the smallest value for which condition (1) is fulfilled.
It is interesting to analyze the implications of condition (1). Let us consider a simple

dynamic regression model of the form
YVi=a+ X1 +e, (2)

where X; and e; are independent white noise processes with expectation zero and with
B # 0. If the forecast is correctly specified Yﬁl—l\t = a+ X, and Y;imt = « for h > 1.
Thus, for h = 1 the condition (1) is violated but for h = 2,3, ... the forecast becomes
uninformative. Accordingly the maximum forecast horizon is h* = 1.

More insight can be gained by decomposing the mean-squared prediction error (MSPE)

as
E(et2+h\t) = E(Yien — 1)° = 2E(Yeen — 1) Yegnpe — 1) + EVranpe — p1)°.
Obviously, a sufficient condition for the forecast being uninformative is E}//\;ert = L.

Another sufficient condition is that E(Y; ), — N)(?ﬂrhp —pu) =0 as E(?t_trh‘t —p)? > 0.
Furthermore for a rational forecast with E(et+h|tY;ih‘ .) = 0 it follows that
E(Yiin — ﬂ)(yﬁ-h\t —p) =E(ersn + Ytihu - #)(Yﬁ—hﬁ — )
= E(Yﬁhu - N)2
Thus, any rational forecast with positive variance is informative. Accordingly, for a ra-
tional forecast the null hypothesis (1) is equivalent to

cov(Yein, Yﬁi—hht) = 0. (3)



It is important to note that the maximum forecast horizon h* can be identified by
sequentially applying a consistent test for (1). The null hypothesis (1) is tested for h =
1,2, ... until it is not rejected for the first time. Then, h* is identified as the penultimate
horizon tested. Provided that the tests are consistent, this identification is correct with
probability approaching 1 —«a as n — oo with a denoting the significance level of the test.
Therefore, the significance level « of the test must tend to zero to achieve a consistent
selection rule for h* (see Remark 5 below). It should be noted that the error variance of
rational forecasts are monotonously increasing with respect to the forecast horizon. Thus
if some forecast is informative at some horizon A it must also be uninformative for any
higher horizon and we therefore can stop the testing sequence whenever the test does not

reject the first time.

3 Measuring predictability

For assessing the predictive content, Theil (1958) proposed (among other measures) the

following inequality coefficient:

(Yin — ?t+h|t)2

NE

U2h) = |°

Wl

(Yign — Y0,)?

-
Il

1

where Y, denotes some “naive forecast” (typically the no-change forecast). The model
based forecast is uninformative whenever U2(h) is close to unity. For a stationary variable
the unconditional mean is a natural “naive” (resp. uninformative) forecast, whereas the
no-change forecast is better suited for nonstationary (integrated) target variables; see e.g.
Isiklar and Lahiri (2007) for an application to the survey of professional forecasters.

If the unconditional mean is employed as the benchmark, the inequality coefficient
U2(h) is related to the R?(h) measure proposed by Nelson (1976) and Diebold and Kilian

(2001) given by
var (€ajt)
R*h) = 1 - —202
(*) var(Yosn)
where €t+h|t = Yin — EA/}HW denotes the model-based forecast error. In practice the
variance is estimated by the sample variance such that R*(h) =1 — U2(h)* with Y,}, =

Y, =n"1Y} | Yy yielding the sample analog
> Cane
t=1

S (Yien —70)*

t=1

R*h) = 1—

ot



Note however that this measure may become negative. An alternative measure with the
usual properties is obtained as the R? from a (Mincer-Zarnowitz type) regression of Yy,
on the forecast ﬁ+h|t yielding the square of the sample correlation between the actual
values and the forecasts (see Section 5).

Diebold and Kilian (2001) proposed a generalized measure of predictability

E[£(€t+h|t)]
E[£(€t+k|t)]

where £(-) indicates the loss function and e;;x; denotes the long-run prediction error.

QL hk) = 1— for k > h,

If (i) Y; is stationary, (ii) the loss function is quadratic and (iii) & — oo, the Diebold-
Kilian measure and the Nelson measure coincide. In what follows we focus on the Nelson
measure and propose a test for the hypothesis R%(h) = 0.

As argued by Diebold and Kilian (2001) their predictability measure is also valid for
nonstationary variables, whereas in this case the Nelson measure tends to unity as n — oo,
no matter of the predictive content.® The latter approach remains valid, however, if it is

applied to the differenced series. Since

tthlt = Yirn — Ytihu
= (Yeen = Y2) = (Vi = Yo)

h h
(Z Ai/t—&-s) - (Z AYﬁksh‘,)
s=1 s=1
h
= Z Aet-&-s\t )
s=1

with Aejpop = AV — AY;‘is‘t and AY;‘iS“ = Y;‘ih‘t - Y;‘ih_ut, it follows that Y.,
is not predictable whenever {AY;,q, -, AY;,} are jointly unpredictable. Hence, for

nonstationary (integrated) time series the predictability tests are applied to the differenced
series for s € {1,...,h}.

4 Diebold-Mariano type test statistics

A natural test statistic for the hypothesis (1) is the DM statistic proposed by Diebold and
Mariano (1995), which compares the sample MSPE of the model forecast ?Hh‘t and an

estimate of the sample mean used as the non-informative forecast. Since our test focuses
n+h
t/\=h+1

and 2+h‘t = Yfﬁhlt we make the following

on information of the evaluation sample we use Y, = n='Y_ Y, as an estimator for

p = E(Y;). For the forecast functions Ytihlt

assumption:

3More precisely, if y; is I(1) and the forecast error ei4n|¢ is 1(0) for fixed h, then the sample analog of
the ratio var(eype)/var(Yien) is Op(T~1) such that R? tends to unity.

6



Assumption 2 (i) Under the null hypothesis there exists some h* such that Yt+h|t =/
for all h > h*. (1) Under the null hypothesis, u;p, = Yiin — p 1S independent of the
estimation error: E(uipl0s —0) =0 for s =t,t —1,t —2,.... (iii) The parameters are

estimated consistently with
a) Bo—0 = O,(T"1?)
PO 7
b) 6,—60y = O, (%) fort=1,2....n

(i) Let Dyyp(6) = ihlt/&g and Dy(0) =n~ 13" Diyn(0). Then

=S " (Desn(0) = Dy)? B D* with0 <D’ < o0
t=1

E|Dyyn(0)ugsn)*™ < 0o for some § > 0 and all t.

(1) is the null hypothesis of the test. Part (ii) is an implication of the null hypothesis
which claims that the time series is not predictable given the information set Z; which
includes the estimation error 6, — 6. Part (#i) a) suppose the usual convergence rate of
the estimation error in the pre-evaluation sample {—7 + 1,...,0}, whereas part (i) b)
limits the variation of the recursive estimation procedure.

To illustrate this assumptlon consider the forecast based on the regression model with
Y;JFW =a;+ @xt, where ﬁt is the least squares estimator based on the 1"+t time periods
{=T + 1,...,t}. If x; is stationary and, without loss of generality, E(z;) = 0, then
E(By — B)2 = 02/(To?2), where 02 = E(22). Obviously, Assumption 2 (iii) a) is fulfilled.
Since for t < T

B~ Bo = _ (Zt:l 933) ( i :Uzuz> L (Z mlul)
<. Zt: x?) (Z 20: x?) i=—T+1 (_zt: x?) "

- Op(t) - O,(V1) -
oo YD T 6 T

=0, <\/ \/7) ( ) = 0,(Vt/T).

also part (i) b) is satisfied. In our simple example D’ = o2 and, thus, part (iv) is fulfilled
as well.

Let us first consider a test statistic constructed in the spirit of Diebold and Mariano
(1995):

1 n
dy = —— § oh 4
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where 0f' = €}, ,, — (Yisn — Y)? is the loss difference, Y, = n™" 35, Vi1 denotes the
sample mean, and @? denotes a consistent long-run variance estimator applied to 6". The
following theorem presents the asymptotic distribution for the case that the number of
observations T for estimating the parameters is large relative to the number of forecasts

n:

Theorem 1 Assume that Assumptions 1-2 hold. If T'— oo, n — oo, n/T — 0 we have
|l ny |2
d * — v O <—> — — 3
" \/52% 9 \T 2
where z is a standard normally distributed random variable and &2 denotes the analogous

2
n
~ - 2 _ 1 -1 _
estimator for the long-run variance w;, = nh_)rgoE (n > ut+h) of ugrn = Yiin — 1.
t=1

This finding gives rise to two variants of an adjusted Diebold-Mariano statistic:

Corollary 2 Under Assumptions 1-2, h > h*, T — oo, n — oo, n/T — 0 it follows that
2d), 5 IN(0, 1))
~ 1 <& d
dp = 52 Zfsf = X
U =]

2

where W,

18 a consistent estimator for the long-run variance of uy = y; — .

In contrast to most tests based on the x? distribution, the null hypothesis is rejected for
small values of the test statistic. For example, given a significance level of o = 0.05, the
critical value for dj+ equals 0.0039. The corresponding value for 2dj- is 0.0627.

REMARK 1: It is interesting to note that under the alternative with E(yi1n — Grinp)? <
E(ui,,) it follows that dj = O,(y/n), whereas d: = O,(n). This is due to the fact
that 02 = 4u20? + O,(T~Y?) + O,(n~2). Since under a fixed alternative w7 = O,(1)
(instead of O,(n™') under the null hypothesis) the denominator of 2d;, changes the order
of magnitude while the order of magnitude of the denominator of Jh remains the same.
This does not imply, however, that 2dj, is more powerful against alternatives in the vicinity
of the null hypothesis. In fact under local alternatives both test statistics possess the same
asymptotic power.

REMARK 2: To compare the small sample properties the two modifications we perform

a Monte Carlo experiment, where the data are generated as y;411 = p + uzy1. Since the
2

u?

02 = 1. The forecast is based on the model }Aftﬂ‘t = +3tXt, where 0, = (ay, Bt)’ denotes

the vector of OLS estimates from a simple regression of Y;,; on X; based on the sample

test statistic is not affected by the value of p and the variance o, we set p = 0 and



Table 1: Actual sizes for various n/7T combinations (o = 0.05)
n =25 n = 50 n = 100 n = 200

T 2, d 2 d 2 d 2 4
50  0.094 0.090 0.070 0.066 0.047 0.044 0.029 0.027
100 0.112 0.107 0.094 0.090 0.070 0.066 0.047 0.044
200 0.121 0.115 0.111 0.105 0.091 0.087 0.070 0.066
500 0.125 0.118 0.122 0.115 0.115 0.110 0.099 0.094
1000 0.119 0.111 0.121 0.114 0.122 0.115 0.113 0.108

oo 0.049 0.049 0.049 0.049 0.049 0.049 0.051 0.051

Note: The limiting distribution of the statistics 2d; and 51 are presented in Corollary 2.
For T' = oo the test statistics are computed using the true parameter values. Results are
based on 20,000 simulations.

{=T +1,...,t}. X, is standard normally distributed. The nominal size of all test is
a = 0.05 and 100,000 replications are used to compute the rejection rates.

From the empirical sizes for various combinations of n and T presented in Table 1
it turns out that for realistic sample sizes such as n = 50 and T = 200, say, the tests
suffer from a substantial size bias. This is not surprising as the critical value for the 3
distribution is very close to zero, and, thus, a large amount of probability mass is located
in the vicinity of the critical value. Accordingly, even small, asymptotically negligible

terms may have large effects on the actual size.

REMARK 3: It is interesting to analyze the properties of the test for situations where
part (i) of Assumption 2 is violated. Assume that the model forecast is uninformative
and biased with E(Y; 1) = my # p. It follows from the proof of Theorem 1 that

1 n+h 1 n
ﬁ Z (Sil = Eh + E Z(mt — ,LL)2 + Op<T71) .
t=h+1 t=1

Therefore if the forecast is biased, the test becomes conservative in the sense that the
rejection probability tends to zero as n — oo.

Next, assume that the uninformative forecast Y, . is unbiased but different from

t+ht
h

a constant: Y2, = u+ ol where var(v}) = 77 > 0. For example assume that the

t+hlt
forecast Y;im . = BX; does not account for the constant such that 8 = p/E(X;) and v} =

B[X: — E(X;)]. Note that this forecast violates Assumption 2 (ii) as E[(Y1n — 8X3) Xy] =
Bvar(X;) # 0. Tt is not difficult to see that in this case n™* ij:H 6l = u} + 77 resulting
again in a conservative test.



5 Encompassing tests

To overcome the small sample problems of the modified test statistic we consider a variant
of the test based on the encompassing principle. As shown in section 2, a test of the null
hypothesis (1) is equivalent to the null hypothesis

Hy o B = Y ) Vo — 1) = 0

whenever the forecast is rational with E(Y; ), — Y;ih‘ t|Y;ih| .

hypothesis can be rejected if the correlation between Y;,) and Y, ) is positive. Another

) = 0. Accordingly, the null

view on the relationship between this approach and the DM statistic emerge from the

decomposition

n

n . . o 2 o
Z 6 = Z |:}/;f+h =Y = (Yegnr — Yh)} = (Yeen = Yh)2
=1

t=1

= Vi = Yn)* =2 (Yeun = Vi) Vern — V).
t=1 t=1
Since the first term on the right hand side is non-negative, it does not improve the power
of the test and can be neglected. Thus, the DM type test statistic is mainly driven by
the covariance between Y., and ﬁ+h|t-
This gives rise to a one-sided t-test of 81, = 0 vs. (1 > 0 in the Mincer-Zarnowitz

regression
Yien = Bon + BinYesnp + €4 (5)

where the error is typically autocorrelated up to lag h — 1 due to the overlapping forecast
horizon. This test admits an interpretation as a forecast encompassing test (cf. Chong
and Hendry, 1986, and Clements and Hendry, 1993) that is based on a convex combination

of the model based forecast Y;;; and the unconditional mean Y

Y;E—i-h - )‘h}?t-i-hhf + (1 — A)?t+h + €t1h
Yien = Yo = MYiny — Yn) + €

and, therefore, a test of 3, = 0 is equivalent to a test of A, = 0.

In our asymptotic analysis we focus on the LM type test statistic:

_ 1 - h

where B
& = Yeen = Vi) Yegne — Y)

10



Table 2: Actual sizes for various n/T combinations (o = 0.05)

n =25 n =50 n =100 n = 200

T 51,1 01 51,1 01 51,1 01 Bl,l 01
50  0.027 0.021 0.020 0.016 0.017 0.014 0.014 0.013
100 0.030 0.023 0.022 0.018 0.017 0.016 0.014 0.014
200 0.035 0.027 0.025 0.021 0.020 0.018 0.016 0.015
500 0.039 0.031 0.029 0.025 0.023 0.020 0.019 0.017
1000 0.045 0.037 0.033 0.030 0.027 0.025 0.022 0.021

Note: 31,1 denotes the regression-based test using (5), 01 denotes the LM-type test based
on (6). Results are based on 20,000 replication.

and @g denotes the corresponding long-run variance
k
~2 ¢ k¢
Gf =5 +2) A
j=1
1 n
o6 _ heh
V= n Z SR
t=j+1

In practice any other asymptotically equivalent test such as the usual t-test of 3;, = 0 in
the regression (5) with appropriate HAC standard errors can be used.

A technical problem with a regression like (5) is that under the null hypothesis the
regressor }A/Hhhg and the constant are asymptotically collinear. To sidestep this problem
we show in the proof of Theorem 3 that if n/T — 0

Yiene = Y =~ (6o — 0)(Den(6) — Diu(0)

and, thus, the test of 31, = 0 in regression (5) is asymptotically equivalent to the test of
81, = 0 in the regressions

Yien = By + B1pDesn(0) + Neen

~

or Yion = By + Br nDewn(0) + ey

where 37 ), = (6 — ) P15 The details are provided in

Theorem 3 Under Assumption 1-2, a recursive forecasting scheme with h > h*, T — o0,
n — oo and n/T — 0 we have gy, < N(0,1), where gy, is defined in (6).

REMARK 4: In contrast to the DM-type test, the encompassing test turns out to be
conservative for all combinations of n and T presented in Table 2. While the empirical

11



sizes for a given value of n vary depending on T', these variations are smaller than those
of the DM-type tests.

REMARK 5: As mentioned above, a consistent selection rule for the maximal forecast
horizon h* requires that the size of the test tends to zero as n — oo. One possibility is to
apply the critical value log(n)/2. It is not difficult to see that under the alternative p;, =
O,(n'/?) such that under the alternative h < h* we obtain lim,, ., P(p, < —log(n)/2) =
1, whereas for h > h* we have lim,,_,o, P(p, < —log(n)/2) = 0. Thus the decision rule
that selects the last rejection in the sequence of tests with h = 1,2, ... is weakly consistent.
Note that for n = 27 the critical value —log(27)/2 = —1.65 is similar to the one-sided

0.05 critical value of a standard normal distribution.

6 Local power

In order to gain some insight into the relative power of the two different tests we analyse
local power against a suitable sequence of local alternatives. Consider the alternative of

an informative forecast with
Yipr = p+ BXy +uer

where X; is a (demeaned) i.i.d. regressor with E(X;) = 0 and E(X?) = 02 > 0, u; is white
noise with E(u;) = 0, E(u?) = 02 and 44 is independent of { Xy, X;_1,...}. AsT — oo we
have 6, 5 6, E(Y,,, =Y/, = op, where Y/ ||, = p+B8X; and E(Yiy —p)? = o) + 507
If B # 0 the forecast is informative and d; and 9; are O,(n=2). Accordingly both tests
are consistent against fixed alternatives § # 0. The asymptotic power of the test can
be studied by considering a local alternative of the form 5 = ¢/y/n. The asymptotic
distribution of the two test statistics are presented in

Theorem 4 Under the sequence of alternatives 8 = c/~v/n, X; ~ iid(0,02), Assumptions
1 -2 and n/NT — 0 it follows that

dy % 22— 2Xzy — N2 (7)
01 Y sign(c)za + A, (8)

where N> = ¢?c2/0? denotes the signal-to-noise ratio and z; and zy represent two inde-

pendent standard normally distributed random variables.

Accordingly, the two test are not asymptotically equivalent; see Figure 1 for a comparison
of the resulting local power curves. The DM type test is more powerful in the vicinity of
the null hypothesis, whereas the relative power of the encompassing test increases when ¢

12



Figure 1: Local power curves

45 A5

Note: Broken line: modified DM test. Solid line: encompassing test.

or the variance ratio 02/0?2 gets large. It should also be noted that the power curves are
symmetric with respect to the parameter ¢ as the distribution remains the same if 25 is
replaced by —z, in (7) and (8).

7 Monte Carlo Results

In order to gain insights into the small sample behaviour of the tests, we conduct Monte
Carlo experiments based on the cases displayed in Table 7. In the first three cases, uni-
variate models are considered, whereas the last two cases refer to simple multivariate
models. The first two forecast models are misspecified, because the data-generating pro-
cesses (DGP) are MA(1) and MA(2) processes, but the forecast models assume an AR(1)
process. Note that the respective null hypotheses h* = 1 and h* = 2 are nevertheless
correct. Forecasts are made in a direct manner, i.e. for each forecast horizon, the target
variable y;. is regressed on the explanatory variables known at time . We calculate
the standard errors according to Newey and West (1987) using the automatic lag length
selection procedure proposed by Andrews (1991) and use the significance level o = 0.05.

Table 4 displays the results for AR(1) forecasts, when the data is generated by an
MA(1) model, hence h* = 1. The evaluation sample includes n = 50 or n = 100 recursive
forecasts and the initial estimation samples are based on 7' = 100 observations. The
tests are conducted sequentially for the forecast horizons h = 1,2, 3,4. The last forecast
horizon where the test rejects is identified as horizon h*. If the test does not reject for
any horizon, h* > 4. In addition to the tests presented above, the classical DM-test

13



Table 3: Cases considered for Monte Carlo simulations

cases DGP forecast model

MA(].)-AR(l) Y = & + 0-5615—1 :/y\t-i-h = é717, + @yt

MA(2)-AR(1)  yr=e,+05c_1+035_5  Goon = 00 + Oy,

AR(l)‘AR(1> ye = 0.8ys—1 + &4 Yirh = a? + ggyt
multivar. 1 Y = 0-5$t—1 + & ?f/\t—i-h = é717, + @th
multivar. 2 Y = 0.52725,1 —+ 0.3$t,2 + & @\tJrh = é711 + @xt + é?glﬂft,1

Note: €; and x¢ are itdN(0,1).

is considered by using a standard normal distribution for the test statistic specified in
equation (4).

With n = 50, the DM-type and encompassing tests developed to detect the maximum
forecast horizon have a power of at least 0.81 at h = 1, whereas the classical DM test
attains 0.26 only. With n = 100, the power of the DM-type and encompassing tests is
close to one. The classical DM test achieves 0.57 and its size is close to zero, whereas both
DM-type tests are over-sized. The LM-type encompassing test based on (6) is slightly
conservative, whereas the regression-based test using (5) has almost correct size and the
highest power of all tests considered.

For n = 50 the regression-based encompassing test is also the most successful test in
finding the maximum forecast horizon, identifying it correctly in 86% of the replications,
while the other tests (except for the classical DM-test) do so in about 80% of the cases.
With n = 100, both regression-based tests work very well, achieving a correct identi-
fication of A* in more than 95% of the cases. Note that 95% would be attained by a
correctly-sized test and an infinite evaluation sample. The DM-type tests find the correct
h* in about 90% of the replications. The estimators for h* are nearly median unbiased for
all DM-type and encompassing tests, but possess a small downward mean bias for n = 50
and a small upward mean bias for n = 100. The classical DM test estimates h* with a
strong downward bias due to its lack of power. With a rolling estimation window instead
of a recursive estimation scheme, the results turn out to be almost unchanged (see Table
9 in Appendix C).

For the remaining Monte Carlo experiments, we do not report results for the DM-type
test based on 2dj,, because it performs very similar to c?h. Moreover, we focus on the

regression-based encompassing test, because it has good size properties and more power
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Table 4: Results for case ‘MA(1)-AR(1)’

forecast horizon h 0 1 2 3 4 0 1 2 3 4
T =100,n = 50 T =100,n = 100
MSPE / Variance 0.89 1.05 1.05 1.05 0.87 1.03 1.03 1.03
rejections
DM-type tests
dp, 0.87 0.10 0.09 0.10 0.98 0.08 0.08 0.08
2dy, 0.88 0.10 0.10 0.10 0.98 0.08 0.08 0.08
encompassing tests
Bi.n 0.92 0.06 0.05 0.05 1.00 0.04 0.04 0.03
On 0.81 0.03 0.02 0.02 0.99 0.03 0.02 0.02
classical DM test 0.26  0.00 0.00 0.00 0.57 0.00 0.00 0.00
iL*
DM-type tests
dp, 0.13 0.79 0.05 0.02 0.01 0.02 0.90 0.05 0.02 0.00
2dy, 0.12 0.79 0.06 0.02 0.01 0.02 0.90 0.06 0.02 0.00
encompassing tests
Bin 0.08 0.87 0.04 0.01 0.00 0.00 0.96 0.03 0.01 0.00
On 0.19 0.80 0.01 0.00 0.00 0.01 0.97 0.02 0.00 0.00
classical DM test 0.74 0.26 0.00 0.00 0.00 0.43 0.57 0.00 0.00 0.00

Note: The values displayed in the category ‘rejections’ denote the percentage of rejections for each horizon h. The values
displayed in the category ‘h*’ denote the percentage of cases in which h is identified as the maximum forecast horizon. The
estimation is carried out recursively, and 7' denotes the number of observations used for the first parameter estimation. n
is the number of observations for evaluation. The significance level is set to a = 0.05. ‘classical DM test’ refers to the test
statistic proposed by Diebold and Mariano (1995). ‘MSPE’ is the mean-squared prediction error. The in-sample variance
in the MSPE-variance-ratio is calculated dividing by n. Bold entries refer to the true h*. If a test rejects for all horizons,
h* is set equal to the largest horizon h = 4. 2dj, denotes the test statistic distributed as |N'(0,1)|, dj the test statistic
distributed as X% under the null. B3 ; denotes the regression-based test using (5), o, denotes the LM-type test based on
(6). Results are based on 20,000 simulations.
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Table 5: Results of the remaining cases

forecast horizon h 0 1 2 3 4 0 1 2 3 4
T =100,n =50 T =100,n = 100
MA(2)-AR (1)
MSPE / Variance 0.82 1.01 1.07 1.07 0.79 099 1.04 1.04
rejections
DM-type test 091 0.39 0.10 0.10 0.99 0.58 0.09 0.09
encompassing test 0.95 0.34 0.07 0.06 1.00  0.55 0.05 0.05
il*
DM-type test 0.09 0.53 0.35 0.02 0.02 0.01 041 0.54 0.02 0.02
encompassing test 0.05 0.62 0.31 0.01 0.01 0.00 045 0.53 0.01 0.01
AR (1)-AR(1)
MSPE / Variance 0.44 0.72 090 1.01 0.40 0.65 0.82 0.92
rejections
DM-type test 0.99 085 0.62 042 1.00 0.98 0.86 0.68
encompassing test 1.00 0.95 0.76 0.50 1.00 1.00 0.95 0.78
]Al*
DM-type test 0.01 0.14 0.23 0.20 0.42 0.00 0.02 0.12 0.19 0.68
encompassing test 0.00 0.05 0.20 0.26 0.50 0.00 0.00 0.06 0.18 0.77
multivar. 1
MSPE / Variance 0.83 1.04 1.04 1.04 0.82 1.02 1.02 1.02
rejections
DM-type test 0.93 0.09 0.09 0.09 0.99 0.07 0.07 0.06
encompassing test 0.95 0.03 0.03 0.03 1.00 0.02 0.02 0.02
iL*
DM-type test 0.07 0.84 0.07 0.01 0.00 0.01 0.93 0.06 0.01 0.00
encompassing test 0.05 0.93 0.03 0.00 0.00 0.00 0.98 0.02 0.00 0.00
multivar. 2
MSPE / Variance 0.78 098 1.056 1.05 0.77 096 1.03 1.03
rejections
DM-type test 0.96 0.60 0.11 0.11 1.00 0.75 0.07 0.07
encompassing test 0.98 0.50 0.04 0.04 1.00 0.73 0.03 0.03
iL*
DM-type test 0.04 0.36 0.52 0.05 0.03 0.00 0.25 0.68 0.04 0.02
encompassing test 0.02 0.49 0.47 0.02 0.01 0.00 0.27 0.71 0.02 0.01

Note: The DM-type test uses J;“ the encompassing test employs 31 5. For further information, see Table 4.
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than the LM-type encompassing test. Results for all cases except MA(1)-AR(1) (which
are already presented in 4) are reported in Table 5. We do not consider the classical DM
test, because of its problems in detecting h* documented previously.

Concerning the case MA(2)-AR(1), the second MA-coefficient equals 0.3 only, making
it relatively difficult for the tests to reject at h = 2. With n = 50, the ratio of the mean-
squared prediction error (MSPE) to the evaluation-sample variance! marginally exceeds
1, and hardly falls short of 1 even with n = 100. With n = 50, the DM-type test rejects
in about 40% of the replications at h = 2. The encompassing test attains about 35%.
With n = 100 all rejection frequencies increase by about 20 percentage points. Both tests
tend to reject too often for h > 3, but the encompassing test has almost the correct size,
whereas the DM-type test tends to rejects too often. The maximum forecast horizon is
identified correctly by both tests in about 30% of the replications with n = 50, whereas for
more than 50% h* equals 1. With n = 100, h* equals h* in about 50% of the simulations,
yielding median-unbiased estimates of h*. However, h* has a notable downward mean
bias even with n = 100.

For an AR(1) process, h* is not finite. The tests should therefore reject the null for
as many horizons as possible. In this setting, the encompassing test performs best, with
its rejection frequency falling from 1 at h =1 to 0.5 at h = 4 for n = 50. With n = 100,
the rejection frequency at h = 4 attains about 0.8. Based on the encompassing test, one
would arrive at the correct conclusion that h* is larger than 3 with a probability of about
0.5 for n = 50 and with a probability of about 0.8 for n = 100. With the DM-type test,
these probabilities are about 10 percentage points lower.

The results in the multivariate case with one regressor are similar to those for the
case MA(1)-AR(1). Again the two proposed test do a good job in estimating the forecast
horizon h*. As the multivar. 1 setup is conformable with the local power analysis of
Section 6 it is interesting to compare the results with the theoretical findings presented
in Theorem 4. For the corresponding value ¢ = 0.5v/50 = 3.54 and A = ¢ - 1 the power
for the two test is 0.9450 (for the DM-type test) and 0.9716 (for the encompassing test).
These values correspond well to the empirical values of 0.93 and 0.95 in Table 5.

Qualitative similar results emerge when comparing the results of the multivariate case
with two regressors (multivar. 1) to the univariate case MA(2)-AR(1) with h* = 2.

8 Empirical Results

For the empirical application of the tests, we employ quarterly survey forecasts collected
by Consensus Economics. The mean of the forecasts across all panelists is known to be a
very accurate forecast, as documented, for example, by Ang, Bekaert, and Wei (2007) for

4The variance of the evaluation sample is calculated dividing by n, so that it equals the MSPE of the
evaluation-sample mean.
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inflation forecasts. We consider forecasts of real GDP growth and real private consumption
growth, because these are the only quarter-on-quarter growth rates in the survey. For the
indices of consumer prices, only forecasts for quarterly year-on-year rates are available.
Given the importance of inflation forecasts, we also include these forecasts in our analysis.
However, given the year-on-year definition, and denoting the forecast horizon for the
current quarter, i.e. the nowcast by h = 0, we can expect to find A* > 2. This is because
knowledge about past values of the price index enables the forecasters to mechanically
produce forecasts which have lower mean-squared prediction errors than the unconditional
mean up to h = 2.° In addition to these variables, we also investigate the forecasts of
the end-quarter values of the 3-month interest rate. Since interest rates show signs of
non-stationarity in the sample under study, we use the first differences of this variable.
The countries under study are the United States, the euro area (labeled ‘Eurozone’ by
Consensus Economics), Japan, Germany, the United Kingdom, Italy, Canada, and France.

Since Consensus Economics also provides data for recent quarters, we can employ
this real-time data for the evaluation of the forecasts. We use the second vintage of all
variables mentioned.

Considering forecasts for up to h = 6 quarters ahead, the balanced sample of forecasts
and realizations starts in the third quarter of 1996 and ends in the first quarter of 2016,
yielding a sample size of n = 79. However, the sample sizes for individual variables can
be smaller, mainly due to changes in the survey. For example, in the beginning of the
sample, the survey switched from asking for West German variables to variables for the
reunified Germany, and we only consider the latter forecasts. The 3-month interest rate
to be forecasted for Germany, Italy and France changed in the first quarter of 1999 from
country-specific rates to the Euribor. Only the Euribor forecasts enter our analysis. While
they can be expected to be similar across the three countries, differences might emerge,
for instance, due to the smaller number of forecasters for Italy. For Japan, the target
variable of the interest rate forecasts changed from the 3-month Yen certificate of deposit
to the TIBOR in the second quarter of 2010, and we only use the former forecasts.

In some countries, several large changes of the value-added tax rate (VAT) occurred.
Since these changes are commonly announced well in advance, their occurrence can have
a major impact on the predictability of inflation. In addition, the growth rate of real
private consumption tends to be strongly negatively correlated with the VAT rate change
contemporaneously, and in addition, there is a strong positive correlation in the quarter

prior to the VAT rate change. We use the following rule in order to limit the impact of

5The year-on-year rate for h = 2 equals the sum of the quarter-on-quarter rates for h = —1,0,1,2.
Using the observed quarter-on-quarter rate for h = —1 and the unconditional mean as the forecast of the
quarter-on-quarter rates for the latter three horizons yields a MSPE for the year-on-year rate forecast for
h = 2 which is lower than the variance of the year-on-year rates by construction. If information on the
current quarter is available, the maximum forecast horizon must be equal to or larger than 3.
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Figure 2: Forecasts for year-on-year US CPI inflation rates. The number on the x-axis
denotes the forecast horizon in quarters with 0 being the nowcast.

these changes on our analysis: For countries with at least two VAT rate changes of at
least 2 percentage points, we shorten the sample such that these changes are excluded.
This rule leads to sample modifications for Japan and the UK. We are going to report
results obtained without this modification in the text, but not in the following figures
and tables. More details on the variables and samples entering our analysis are given in
Appendix B.

The quarterly forecasts are usually gathered in the first half of the last month of
a quarter. Therefore, the forecasters can be expected to have information about the
variable of interest in the current quarter, i.e. for the forecast (resp. nowcast) horizon
h = 0. Note that for the g-o-q growth rate of consumption in the UK the nowcast of
the current forecast is uninfomative and hence h* = —1. Concerning inflation, at least
the inflation rate for the first month of the current quarter should be known when the
forecast is made. This implies that one can expect h* > 3 for the year-on-year inflation
rates.

As an example consider the inflation forecasts for the United States provided in 2016
as presented in 2. Forecasts for the current quarter are nowcasts, corresponding to h = 0.
What is striking about the forecasts for longer horizons is that they tend to settle at a
value of about 2.3 which is almost identical to the mean of inflation in the evaluation
period, being equal to 2.27 percent.

The empirical maximum forecast horizons h* determined by the tests are shown in
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Table 6: Maximum forecast horizons in quarters determined by DM-type and encompass-
ing tests

US EA JP DE UK IT CA FR median

GDP g-o-q
DM-type test 2 2 1 1 3 1 1 2 1.5
encompassing test 2 2 1 2 3 ) 1 4 2
CPI y-o-y
DM-type test 3 5 3 2 2 3 4 3 3
encompassing test 3 3 4 3 3 3 4 3 3

PrivCons g-o-q

DM-type test 3 1 0 0o -1 1 0 2 0.5

encompassing test 3 3 0 3 3 3 1 5 3
d(3m rate)

DM-type test 1 0 3 2 2 1 2 2

encompassing test 2 0 2 6 3 1 2 2

Note: The DM-type test uses dj, the encompassing test employs 81 . ‘GDP g-o-q’ denotes quarter-on-quarter
growth rates of real GDP, ‘CPI y-o-y’ year-on-year growth rates of consumer prices, ‘PrivCons gq-o-q’ quarter-on-
quarter growth rates of real private consumption, and ‘d(3m rate)’ quarter-on-quarter changes of the end-quarter
3-month interest rate. The abbreviations used for the countries are ‘US’ for the United States, ‘EA’ for the euro
area, ‘JP’ for Japan, ‘DE’ for Germany, ‘UK’ for the United Kingdom, ‘IT’ for Italy, ‘CA’ for Canada, and ‘FR’ for
France. For further information on the variables, see the text and Appendix B.

Table 6. The sequential p-values of the tests giving rise to these values of h* are displayed
in Figures 3 to 6. Notably, h* is virtually always smaller than the largest forecast horizon
of h = 6. The encompassing test implies larger values of h* than the DM-type test in
several cases. This may be due to the lower power of the latter test reported in the
previous section.

For the quarter-on-quarter growth rates of real GDP growth, h* tends to range from
1 to 3 quarters. Only for Italy and France, the encompassing test leads to larger values.
The median of h* is 1.5 quarters according to the DM-type test, and 2 quarters according
to the encompassing test.

Concerning the year-on-year growth rates of the CPI, h* is mostly equal to 3 quarters,
which is also the median across countries according to both tests. Only for Canada, both
tests indicate a higher value of h* = 4. For the Euro area and J apan, at least one test
indicates a larger value. Given the considerations with respect to year-on-year rates and
nowcasts made at the end of h = 0, these results indicate substantial difficulties in making
informative inflation forecasts. Using the full sample for Japan and the UK leaves the

results for the UK unchanged, but leads to h* > 6 for Japan according to both tests.
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Canada GDP g-0-q France GDP g-0-q

— MSPE-variance ratio + p-val. encompassingtest O p-val. DM-type test

Figure 3: Test results for quarter-on-quarter growth rates of real GDP. The number on
the x-axis denotes the forecast horizon in quarters with 0 being the nowcast. The dotted
line is at 0.05, corresponding to the significance level of the tests. The dashed line is
at 1. The solid line indicates the MSPE-variance ratio. The DM-type test uses dj, the
encompassing test employs ;5. The maximum forecast horizon h* identified by a test
equals the horizon before the smallest horizon for which the p-value of the test exceeds
0.05. 21



USA CPIl y-0-y Eurozone CPIl y-0-y

Canada CPIl y-0-y France CPIl y-0-y

= MSPE-variance ratio + p-val. encompassingtest O p-val. DM-type test

Figure 4: Test results for year-on-year growth rates of the CPI (the RPI in the case of
the UK). For further explanations, see Figure 3.
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Figure 5: Test results for quarter-on-quarter growth rates of real private consumption.
For further explanations, see Figure 3.
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Figure 6: Test results for the change in the end-quarter 3-month interest rate. For further
explanations, see Figure 3.
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Thus, as to be expected, strong changes in the VAT rate which are announced well in
advance can render inflation forecasts informative even at larger horizons.

The results for the quarter-on-quarter growth rates of real private consumption growth
vary strongly across tests and countries. The encompassing test often implies pronouncedly
larger values of h* than the DM-type test. Moreover, h* according to the encompassing
test is mostly larger than in the case of real GDP growth. These results might be due
to the facts that announced changes in the VAT rate are relatively important for private
consumption, and that consumption forecasts often tend to biased. Indeed, using the full
sample for Japan and the UK leads to h* > 6 for both countries according to both tests.
With the restricted sample, for the UK, the DM-type test indicates that not even the
nowcast is informative.

The maximum forecast horizon for the change in the 3-month interest rate mostly
varies between 1 quarter and 3 quarters. For the UK, the encompassing test finds infor-
mative forecasts at least up to h = 6. Except for the latter case, the two h* found by
the tests for a given country do not differ by more than 1 quarter. For Japan, only the

nowcasts turn out to be informative.

9 Concluding remarks

This paper develops a forecast evaluation framework for testing the null hypothesis that
the forecast at some pre-specified horizon h is uninformative. The proposed tests can
be applied sequentially to identify the maximum forecast horizon of predictive models.
We show that due to the nested nature of the forecast comparison the standard Diebold-
Mariano (DM) type test statistic has a nonstandard limiting distribution and suffers
from a severe loss of power. To overcome this problem we adjust the test statistic and
derive alternative tests from the encompassing principle that result in a Mincer-Zarnovitz
regression. Our analysis of the local power reveals that the DM type test statistics is
more powerful in the vicinity of the unit root hypothesis, whereas it performs similar to
the encompassing test if the forecasts are more informative. Our Monte Carlo simulations
suggest that the DM type test suffers from severe size distortions in reasonable sample
sizes, whereas the regression variant of the encompassing test exhibits reliable sizes.

In our empirical analysis, we apply our tests to macroeconomic forecasts from the
survey of Consensus Economics. Our results suggest that forecasts of macroeconomic key
variables are hardly informative beyond 2-4 quarters ahead. Our results confirm earlier
(anecdotal) findings from macroeconomic forecasting. The main contribution of our work
is to provide statistical tests that allows the forecaster to assess the maximum forecast
horizon of the forecast model of interest.

It is worth mentioning that our testing approach (as any other empirical methodology)
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has two major limitations. First, the estimated maximum forecast horizon may be biased
downwards if the predictive power is weak but not negligible. A similar caveat applies
if the number of forecasts in the evaluation sample is small. Second, The estimated
maximal forecast horizon depends on the specific model that generates the forecasts. If
the model fails to exploit important information it may produce uninformative forecasts,
while a richer forecasting model may result in informative forecasts. Accordingly, any
qualification of the informative content is conditional on the forecasting model.
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Appendix A: Proofs

Proof of Theorem 1:

=Y/

Let A > h*. Applying a mean-value expansion of the form v tnje T Desn (6;) (gt —0),

t+h|t —
where 6, denotes a value between 6, and 6 yields
5th = [uepn + Dt+h(9_t)(‘/9\t - 9)]2 — (Ugyn — ﬂh)2
5 = U§+h — (s — Tn)* + 200 Den (01) (0 — 0) + Dyn(6:)* (6, — 0)?
= Un(2upen — Un) + 2w Dy (6:) (6 — 0) + Dyn(6:)° (6, — 6)°

n+h

t—ny1 Ue and

where U, =n"1Y

0 — 0= (6 — 0o) + (6o — 0)

t _ _ -
=0, (\/; T ”2) +0,(T71%) = 0,177

due to Assumption 2 (7). Furthermore, (i7) and (iv) imply

— Z 5h _h + 2— Z ut+th+h(9t 9t Z Dt+h et et 0)2

= uh + Op( )
and
1 - hsh
= Z orsh
t=j+1
1 n
= —Tj (204 — Un) Qupyn—j — ) + Op(T71)
t=j+1
= _uh [( Z AUy h Uty b ]) - 3”ﬂi +Op(T_1)
t=j+1
=T, ( S duntoen ) +0,(n72) + 0,(T7).
t=7+1
Hence

h—1
0) + 2 Z k95(5)
h—1
= 4T (%(0) +2 Z%(j)) +Op(T™ )+ 0y(n?)

= 402 + Op(T7) + Op(n7?).
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Thus,

dp = wé\/_Z(Sh

(v/nin)* + Op(n/T)
\/4nu2A2+O (n/T) + Op(n1)

:\/ﬁ\ﬂh\+0p<n> q 7]

20, T 2

where z is a standard normally distributed random variable.

Proof of Corollary 1:

The distribution of 2d;, follows directly from Theorem 1. As shown in Theorem 1 we have
Z(sh V) + 0,(n/T) .

If n/T — 0 and &2 is a consistent estimator of the long-run variance of .y, = Y1y — p

then élvh possesses a 2 limiting distribution with one degree of freedom.

Proof of Theorem 2

Consider some h > h*. We first analyze

n

D Vi = Vi) Yien = Y3) = > Vipuu(ueyn — ).

t=1 t=1
An important problem with analysing this expression is that the estimation error in
Y}Jrh“ = Yt hlt is correlated with w;,. To sidestep this difficulty we decompose the forecast

into one component Y% that is independent of {uiyp,...,unn} and show that the

t+hlt
remaining component is asymptotically negligible. Applying a mean value expansion

yields

Vorne = Y = Y10, + Decn(0)(@ — Bo)
where Dy, (0) = 0Y, +h|t /06 and 0, denotes some value between 6, and Gt Note that by
Assumption 2 Yt thl . is uncorrelated with all w41, Unt2, . .., Unsn. Accordingly,

n

Z [Ytih\t + Dt+h(9t)(9 90)] (Utn —Up) = Arp + ler,n + B%,n

t=1
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where

Another mean value expansion around the true value @ with Y? , = = p yields

t+h|t —

Az = (0 — 0) > Deen(Bo)ursn — (0o — Oy, > Dyn(6o)

t=1 t=1

= Ap, + Az,

where 0, is some value between (/9\0 and 6. Since (/9\0 and Dt+h<§0) are uncorrelated with
Uy, it follows that AL, = O,(T7Y/2)0,(n*/?), whereas A% | = O,(T~/%)0,(n"/2)0,(n).
Thus, A, is Oy(y/n/T). By Assumption 2 (iii) we have

Vit

fT,n,t =0, -0y = QT n,t ? )

where ar,, is Oy(1). Furthermore under the null hypothesis &7, and Dyin(6,) are
uncorrelated with us,,. It follows that

n 2 4

& ) aT,n,t )
Z S%m,tDt-l-h(Qt)Qu?-‘rh = Z TDHh(Qt)Q“?M

=1 t=1
& t n?
— 2 —
= Vs 7z = Op (ﬁ) :
t=1
where by = a7, Dipn(0:)*uf, ), = Op(1). Thus,

B%n ZantDtJrh(et)UHh O <2) .

t=1

Since

n B n CL2 . \/E B
ZgT,n,tDt—i-h(gt) = Z T’jf Dy 1(6:)

t=1 t=1
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and, therefore, B, = 0,(n""2)0,(n*?/T) = O,(n/T). As n/T — 0 It follows that

IT N~ — = /T
E Z(}/t—‘rh\t — Yh)(}/;+h - Yh) = E(AT,H + B%*,n + B%,n)
t=1
/T /n

= VT, - 9% ZD (0] =)+ O (\/g)

Next we analyze

n n

Z(ﬁ—i—hhﬁ — Y1) (Vign = Y3)? = Z(?Hhu — Y1) (tpsn — Tp)?

t=1 t=1

Using the above mean value expansions we obtain

3/}1&+h|t = Yffh” + Dt+h(§t)(§t - é\0)
= pu+ Dysn(00) (@ — ) + Disn(0,)(6; — 6y)
5A/t+h|t — V= 5t+h(§0)(§0 —0)+ ‘T’t+h(‘/9\t> a0)

where
Din(0;) = Dyyn(8;) —n™? Z Dy (0;)
~ ~ o~ N~ 1 & e~
Wi (0, 00) = Dien (00 (0 — 60) — — > Den(01) (0 — o)
t=1

fori=20,1,.... It follows that

n

> Vins — V1) (Vien = Y0)? = (B — Z Din(00)* (e, — Tn)*

t=1

+ Z Ejt-&-h(é\n a0)2(Ut+h - Hh)2

t=1

2(80 = 0) > Dyan(00)Wr (B, 00) (s — )

= Cry+ Cr +C1y -
For the leading term we obtain
Crn = Op(Til)Op(n) = Op(n/T)

v
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For the second term we note that

n

ZaTntTgDH-h(et) (uen —n)* = Op(n?/T?).

t=1

Since the mean adjustment does not affect the order of magnitude we conclude that
Crp = Op(n*/T?)

For the last term we obtain

n f ) i
ZaT:nvt%DtJrh(@O)DtJrh(@t) = 0,(n*?/T)
t=1

and, since the mean-adjustment does not affect the order of magnitude,

C2 = 0,(n?/T%?).

v

Combining these results yields

n
=N Veanp = V)2 (Yean — Yi)2 =T(6p — 0 D —up)? + 0 =
; t+hlt h) (Yign — Y3)? 0 Z ron(00)* (uy — p)? + b ( T)
In the same manner it can be shown that for j =1,2,... h

T LN =~ =< — —

~ N Cernge = Vi) Yirnegie = Y) Yern — Vi) Yy — Y

" t=1+j

~ n
= 70— 072 3 Do Go) Do B2 — ) w105 ~ ) + O, (V7):

t=1

~ ~ el
Define Vn,T = FO,n,T + 2 Zj:l Fj,n,T where

n

~ 1 ~ = o~ = — —
Ljnr = — Y Crone = Y) Vipngie = Vo) Yern = V) Yeany = V).

t=1+j
It follows that

2
TA fr—
PRt (‘90 - (Z Dy (0) (s yn — Uh)> + 0,(1).

Applying a suitable version of the central limit theorem it follows that

o - \/Lﬁ i Dy (0)(weyr — Un)
\/m tzl: Y;H—h\t - Yh)(utJrh - ﬂn) = t:i 5 + Op(1>
E |5 (; 5t+h< ) (U — ﬂh)) ]

4 N(0,1)
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Proof of Theorem 4
Under the local alternative, we have
Yier = Y1 = w1 — U + (¢/vn)(X; — X)

and the model prediction error is given by a+h|t = U1 + Op(T -1/ 2). Following the proof
of Theorem 1 we obtain for n/T — 0

251 Vg )? — % (X — X)ugpy — —Z X, — X)? +0,(n/T)

t=1

= (vVnw)? — 2c0,0,R, — *o2 + 0,(1)

—> o? Zl 20,0,C%9 — 0202 ,
where

VI 4 A
Oy

1 n
Rn = O-uo-x\/ﬁtz:;(Xt_ Ut+1 —>22 = N(O 1)

Accordingly, for the modified DM statistic we obtain

d o8 o
:,\2 g 6f 5 2l — 2"z — L
Tu 21

where 82 = 0= S0 (uer — 1 + (/) X0)? = 02+ O,(n"12).
Using

~ I _
Y;i—i-l\t =—X,+ Op(T 1/2)

NG
we have for n/vT — 0

n n C R
Z@l = Z lutﬂ — U+ —=(X; — X)} Yitip
P vn

= % Zum(Xt ~X)+ S (X - X2+ 0,(n/VT)

[
—> COuOz22 + 6202 .
Furthermore
n C2 n
ni; = Z( )= " Z(Ut — )% (X — X)? + 0,(1)
t=1 t=1
2 Poo?



and, thus,

g
— Yzt A sign(c)zq + |c|&
A Tu

01
with sign(a) =1 if @ > 0 and sign(a) = —1 for a < 0.

Appendix B - Data Descriptions

Concerning the quarter-on-quarter growth rates of real GDP, the only change that oc-
curred in the sample is from West German GDP to the GDP of the reunified Germany in
the fourth quarter of 1995. Forecasts for the euro area started being collected in the last
quarter of 2002 for all variables except the 3-month interest rate.

The inflation measure used is the year-on-year growth rate of the index of consumer
prices (CPI) for all countries except for the UK, where the retail price index (RPI) is used,
because the sample of forecasts for the CPI does not start until 2004. Inflation forecasts
for the reunified Germany started in the fourth quarter of 1996.

Private consumption is measured by the personal consumption expenditures in the
US and Canada, by private consumption in Japan, Germany, and the Euro area, and by
household consumption in France, the UK, and Italy. Private consumption forecasts for
the reunified Germany started in the fourth quarter of 1995.

The 3-month interest rate is measured at the last day of the quarter. The interest rate
used in the analysis is the 3-month treasury bill rate for the US and Canada, the 3-month
Yen certificate of deposit rate for Japan, with the sample ending in the first quarter in
2010, the 3-month Euribor in Germany, Italy, and France, with the sample starting in the
first quarter of 1999, and the 3-month interbank rate for the UK.

The changes in the VAT rates are listed in Table 7. Since Japan and the UK expe-
rienced two VAT rate changes of at least 2 percentage points, we adapt their samples of
inflation and private consumption. For Japan, both samples start in the second quar-
ter of 1997 and end in the fourth quarter of 2013, because in the first quarter of 2014,
real private consumption already increased substantially due to the following VAT rate
increase. For the UK, the samples continue to start in the first quarter of 1995, but end
in the second quarter of 2008.

All resulting sample sizes can be found in Table 8.
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Table 7: Changes in the value-added tax rates in percentage points
VAT rate in pp

Country  Date from to change
Japan Apr 97 3 5 2
Japan Apr 14 5 8 3
Germany Apr 98 15 16 1
Germany Jan 07 16 19 3
France Apr 00 20.6 19.6 -1
Italy Oct 97 19 20 1
Italy Sep 11 20 21 1
Italy Oct 13 21 22 1
UK Dec 08 17.5 15 -2.5
UK Jan 10 15 175 2.5
UK Jan 11 175 20 2.5
Canada Jul 06 7 6 -1
Canada  Jan 08 6 5 -1

Table 8 Numbers of observations n

US EA Jp DE UK IT CA FR

GDP g-o-q 79 48 79 6 79 79 79 79
CPI y-o-y 79 48 56 72 44 79 79 79
PrivCons g-o-q 79 48 56 76 44 79 79 79
d(3m rate) 79 53 63 79 63 79 63

Note: ‘GDP qg-o-q’ denotes quarter-on-quarter growth rates of real GDP, ‘CPI y-o-
y’ year-on-year growth rates of consumer prices, ‘PrivCons q-o-q’ quarter-on-quarter
growth rates of real private consumption, and ‘d(3m rate)’ quarter-on-quarter changes
of the end-quarter 3-month interest rate. The abbreviations used for the countries are
‘US’ for the United States, ‘EA’ for the euro area, ‘JP’ for Japan, ‘DE’ for Germany,
‘UK’ for the United Kingdom, ‘IT’ for Italy, ‘CA’ for Canada, and ‘FR’ for France.

Appendix C - Not for Publication
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Table 9: Results for case ‘MA(1)-AR(1)’, rolling estimation

forecast horizon h 0 1 2 3 4 0 1 2 3 4
T = 100,n = 50 T = 100,n = 100
MSPE / Variance 0.89 1.06 1.06 1.06 0.87 1.04 1.04 1.04
rejections
DM-type tests
dp, 0.87 0.11 0.10 0.10 0.98 0.08 0.07 0.07
dy, 0.88 0.11 0.11 0.11 0.98 0.08 0.08 0.07
encompassing tests
517;1 0.90 0.06 0.05 0.05 0.99 0.04 0.04 0.03
On 0.79 0.03 0.02 0.02 0.98 0.02 0.02 0.02
classical DM test 0.24 0.00 0.00 0.00 0.54 0.00 0.00 0.00
B
DM-type tests
dy, 0.13 0.78 0.05 0.02 0.01 0.02 091 0.05 0.02 0.01
dp, 0.12 0.78 0.06 0.03 0.01 0.02 090 0.05 0.02 0.01
encompassing tests
Bi.n 0.10 0.86 0.03 0.01 0.00 0.01 0.95 0.03 0.01 0.00
On 0.21 0.78 0.01 0.00 0.00 0.02 096 0.02 0.00 0.00
classical DM test 0.76 0.24 0.00 0.00 0.00 0.46 0.54 0.00 0.00 0.00
Note: For explanations, see Table 4. In contrast to Table 4, the estimation is carried out using a rolling window of length
T.
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